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Geometric Control of a Quadrotor UAV Transporting a Payload
Connected via Flexible Cable
Farhad A. Goodarzi, Daewon Lee, and Taeyoung Lee
Abstract: We derived a coordinate-free form of equations of motion for a complete model of a
quadrotor UAV with a payload which is connected via a flexible cable according to Lagrangian
mechanics on a manifold. The flexible cable is modeled as a system of serially-connected links
and has been considered in the full dynamic model. A geometric nonlinear control system is
presented to exponentially stabilize the position of the quadrotor while aligning the links to the
vertical direction below the quadrotor. Numerical simulation and experimental results are pre-
sented and a rigorous stability analysis is provided to confirm the accuracy of our derivations.
These results will be particularly useful for aggressive load transportation that involves large de-
formation of the cable.
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1. INTRODUCTION
Unmanned aerial vehicles (UAV) have been studied for
different applications such as surveillance or mobile sen-
sor networks as well as for educational purposes. Quadro-
tors are one kind of these UAVs which are very popular
due to their dynamic simplicity, maneuverability and high
performance. Areal transportation of a cable-suspended
load has been studied traditionally for helicopters [1, 2].
Recently, small-size single or multiple autonomous ve-
hicles are considered for load transportation and deploy-
ment [3–6], and trajectories with minimum swing and os-
cillation of payload are generated [7–9].
Safe cooperative transportation of possibly large or bulky
payloads is extremely important in various missions, such
as military operations, search and rescue, mars surface ex-
plorations and personal assistance. However, these results
are based on the common and restrictive assumption that
the cable connecting the payload to the quadrotor UAV is
always taut and rigid. Also, the dynamic of the cable and
payload are ignored and they are considered as bounded
disturbances to the transporting vehicle. Therefore, they
cannot be applied to aggressive, rapid load transportations
where the cable is deformed or the tension along the cable
is low, thereby restricting its applicability. As such, it is
impossible to guarantee safety operations. It is challeng-
ing to incorporate the effects of a deformable cable, since
the dimension of the configuration space becomes infinite.
Finite element approximation of a cable often yields com-
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Fig 1: Quadrotor UAV with a cable-suspended load. Ca-
ble is modeled as a serial connection of arbitrary
number of links (only 5 are illustrated).
plicated equations of motion that make dynamic analysis
and controller design extremely difficult.
Recently, a coordinate-free form of the equations of mo-
tion for a chain pendulum connected a cart that moves on
a horizontal plane is presented according to Lagrangian
mechanics on a manifold [10]. This paper is an exten-
sion of the prior work of the authors in [11]. By fol-
lowing the similar approach, in this paper, the cable is
modeled as an arbitrary number of links with different
sizes and masses that are serially-connected by spherical
joints, as illustrated at Figure 1. The resulting configu-
ration manifold is the product of the special Euclidean
group for the position and the attitude of the quadrotor,
and a number of two-spheres that describe the direction
of each link. We present Euler-Lagrange equations of the
presented quadrotor model that are globally defined on the
nonlinear configuration manifold.
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The second part of this paper deals with nonlinear con-
trol system development. Quadrotor UAV is under-actuated
as the direction of the total thrust is always fixed relative
to its body. By utilizing geometric control systems for
quadrotor [12–14], we show that the hanging equilibrium
of the links can be asymptotically stabilized while trans-
lating the quadrotor to a desired position. In contrast to
existing papers where the force and the moment exerted
by the payload to the quadrotor are considered as distur-
bances, the control systems proposed in this paper explic-
itly consider the coupling effects between the cable/load
dynamics and the quadrotor dynamics.
Another distinct feature is that the equations of motion
and the control systems are developed directly on the non-
linear configuration manifold in a coordinate-free fashion.
This yields remarkably compact expressions for the dy-
namic model and controllers, compared with local coordi-
nates that often require symbolic computational tools due
to complexity of multibody systems. Furthermore, singu-
larities of local parameterization are completely avoided
to generate agile maneuvers in a uniform way.
Compared with preliminary results in [15], this paper
presents a rigorous Lyapunov stability analysis to estab-
lish stability properties without any timescale separation
assumptions or singular perturbation, and a new nonlin-
ear integral control term is designed to guarantee robust-
ness against unstructured uncertainties in both rotational
and translational dynamics. In short, the main contribu-
tion of this paper is presenting a nonlinear dynamic model
and a control system for a quadrotor UAV with a cable-
suspended load, that explicitly incorporate the effects of
deformable cable.
This paper is organized as follows. A dynamic model
is presented at Section 2 and control systems are devel-
oped at Sections 3 and 4. The desirable properties of the
proposed control system are illustrated by a numerical ex-
ample at Section 5, followed by experimental results at
Section 6.
2. DYNAMIC MODEL OF A QUADROTORWITH
A FLEXIBLE CABLE
Consider a quadrotor UAV with a payload that is con-
nected via a chain of n links, as illustrated at Figure 1. The
inertial frame is defined by the unit vectors e1 = [1;0;0],
e2 = [0;1;0], and e3 = [0;0;1] ∈ R3, and the third axis e3
corresponds to the direction of gravity. Define a body-
fixed frame {~b1,~b2,~b3} whose origin is located at the cen-
ter of mass of the quadrotor, and its third axis~b3 is aligned
to the axis of symmetry.
The location of the mass center, and the attitude of the
quadrotor are denoted by x ∈ R3 and R ∈ SO(3), respec-
tively, where the special orthogonal group is SO(3)= {R∈
R3×3 |RTR = I3×3, det[R] = 1}. A rotation matrix rep-
resents the linear transformation of a representation of a
vector from the body-fixed frame to the inertial frame.
The dynamic model of the quadrotor is identical to [12].
The mass and the inertia matrix of the quadrotor are de-
noted by m∈R and J ∈R3×3, respectively. The quadrotor
can generates a thrust − f Re3 ∈ R3 with respect to the in-
ertial frame, where f ∈ R is the total thrust magnitude. It
also generates a moment M ∈R3 with respect to its body-
fixed frame. The pair ( f ,M) is considered as control input
of the quadrotor.
Let qi ∈ S2 be the unit-vector representing the direction
of the i-th link, measured outward from the quadrotor to-
ward the payload, where the two-sphere is the manifold of
unit-vectors in R3, i.e., S2 = {q ∈ R3 |‖q‖= 1}. For sim-
plicity, we assume that the mass of each link is concen-
trated at the outboard end of the link, and the point where
the first link is attached to the quadrotor corresponds to
the mass center of the quadrotor. The mass and the length
of the i-th link are defined by mi and li ∈ R, respectively.
Thus, the mass of the payload corresponds to mn. The cor-
responding configuration manifold of this system is given
by SO(3)×R3× (S2)n.
Next, we show the kinematics equations. Let Ω ∈ R3
be the angular velocity of the quadrotor represented with
respect to the body fixed frame, and let ωi ∈ R3 be the
angular velocity of the i-th link represented with respect
to the inertial frame. The angular velocity is normal to
the direction of the link, i.e., qi ·ωi = 0. The kinematics
equations are given by
R˙= RΩˆ, (1)
q˙i = ωi×qi = ωˆiqi, (2)
where the hat map ·ˆ : R3 → so(3) is defined by the con-
dition that xˆy = x× y for any x,y ∈ R3, and it transforms
a vector in R3 to a 3× 3 skew-symmetric matrix. More
explicitly, it is given by
xˆ=
 0 −x3 x2x3 0 −x1
−x2 x1 0
 , (3)
for x = [x1,x2,x3]T ∈ R3. The inverse of the hat map is
denoted by the vee map ∨ : so(3)→ R3.
Throughout this paper, the 2-norm of a matrix A is de-
noted by ‖A‖, and the dot product is denoted by x ·y= xT y.
Also λmin(·) and λmax(·) denotes the minimum and max-
imum eigenvalue of a square matrix respectively, and λm
and λM are shorthand for λm = λm(J) and λM = λM(J).
2.1. Lagrangian
We derive the equations of motion according to La-
grangian mechanics. The kinetic energy of the quadrotor
is given by
TQ =
1
2
m‖x˙‖2+ 1
2
Ω · JΩ. (4)
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Let xi ∈ R3 be the location of mi in the inertial frame. It
can be written as
xi = x+
i
∑
a=1
laqa. (5)
Then, the kinetic energy of the links are given by
TL =
1
2
n
∑
i=1
mi‖x˙+
i
∑
a=1
laq˙a‖2
=
1
2
n
∑
i=1
mi‖x˙‖+ x˙ ·
n
∑
i=1
n
∑
a=i
maliq˙i+
1
2
n
∑
i=1
mi‖
i
∑
a=1
laq˙a‖2.
(6)
From (4) and (6), the total kinetic energy can be written as
T =
1
2
M00‖x˙‖2+ x˙ ·
n
∑
i=1
M0iq˙i+
1
2
n
∑
i, j=1
Mi jq˙i · q˙ j
+
1
2
ΩT JΩ, (7)
where the inertia values M00,M0i,Mi j ∈ R are given by
M00 = m+
n
∑
i=1
mi, M0i =
n
∑
a=i
mali, Mi0 =M0i,
Mi j =
{
n
∑
a=max{i, j}
ma
}
lil j, (8)
for 1≤ i, j≤ n. The gravitational potential energy is given
by
V =−mgx · e3−
n
∑
i=1
migxi · e3
=−
n
∑
i=1
n
∑
a=i
maglie3 ·qi−M00ge3 · x, (9)
From (7) and (9), the Lagrangian is L= T −V .
2.2. Euler-Lagrange equations
Coordinate-free form of Lagrangian mechanics on the
two-sphere S2 and the special orthogonal group SO(3) for
various multibody systems has been studied in [16, 17].
The key idea is representing the infinitesimal variation of
R ∈ SO(3) in terms of the exponential map
δR=
d
dε
∣∣∣∣
ε=0
expR(εηˆ) = Rηˆ , (10)
for η ∈ R3. The corresponding variation of the angular
velocity is given by δΩ = η˙ +Ω×η . Similarly, the in-
finitesimal variation of qi ∈ S2 is given by
δqi = ξi×qi, (11)
for ξi ∈ R3 satisfying ξi · qi = 0. This lies in the tangent
space as it is perpendicular to qi. Using these, we obtain
the following Euler-Lagrange equations.
Proposition 1: Consider a quadrotor with a cable sus-
pended payload whose Lagrangian is given by (7) and (9).
The Euler-Lagrange equations on R3×SO(3)× (S2)n are
as follows
M00x¨+
n
∑
i=1
M0iq¨i =− f Re3+M00ge3+∆x, (12)
Miiq¨i− qˆ2i (Mi0x¨+
n
∑
j=1
j 6=i
Mi jq¨ j)
=−Mii‖q˙i‖2qi−
n
∑
a=i
magliqˆ2i e3, (13)
JΩ˙+ ΩˆJΩ=M+∆R, (14)
where Mi j is defined at (8). Therefore ∆x and ∆R ∈ R3
are fixed disturbances applied to the translational and ro-
tational dynamics of the quadrotor respectively. Equations
(12) and (13) can be rewritten in a matrix form as follows:
M00 M01 M02 · · · M0n
−qˆ21M10 M11I3 −M12qˆ21 · · · −M1nqˆ21
−qˆ22M20 −M21qˆ22 M22I3 · · · −M2nqˆ22
...
...
...
...
−qˆ2nMn0 −Mn1qˆ2n −Mn2qˆ2n · · · MnnI3


x¨
q¨1
q¨2
...
q¨n

=

− f Re3+M00ge3+∆x
−‖q˙1‖2M11q1−∑na=1magl1qˆ21e3
−‖q˙2‖2M22q2−∑na=2magl2qˆ22e3
...
−‖q˙n‖2Mnnqn−mnglnqˆ2ne3
 . (15)
Or equivalently, it can be written in terms of the angular
velocities as
M00 −M01qˆ1 −M02qˆ2 · · · −M0nqˆn
qˆ1M10 M11I3 −M12qˆ1qˆ2 · · · −M1nqˆ1qˆn
qˆ2M20 −M21qˆ2qˆ1 M22I3 · · · −M2nqˆ2qˆn
...
...
...
...
qˆnMn0 −Mn1qˆnqˆ1 −Mn2qˆnqˆ2 · · · MnnI3


x¨
ω˙1
ω˙2
...
ω˙n

=

∑nj=1M0 j‖ω j‖2q j− f Re3+M00ge3+∆x
∑nj=2M1 j‖ω j‖2qˆ1q j+∑na=1magl1qˆ1e3
∑nj=1, j 6=2M2 j‖ω j‖2qˆ2q j+∑na=2magl2qˆ2e3
...
∑n−1j=1 Mn j‖ω j‖2qˆnq j+mnglnqˆne3
 , (16)
q˙i = ωi×qi. (17)
Proof: See Appendix 1. 
These provide a coordinate-free form of the equations of
motion for the presented quadrotor UAV that is uniformly
defined for any number of links n, and that is globally de-
fined on the nonlinear configuration manifold. Compared
with equations of motion derived in terms of local coordi-
nates, such as Euler-angles, these avoid singularities com-
pletely, and they provide a compact form of equations that
are suitable for control system design.
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3. CONTROL SYSTEM DESIGN FOR A
SIMPLIFIED DYNAMIC MODEL
3.1. Control Problem Formulation
Let xd ∈R3 be a fixed desired location of the quadrotor
UAV. Assuming that all of the links are pointing down-
ward, i.e., qi = e3, the resulting location of the payload is
given by
xn = xd+
n
∑
i=1
lie3. (18)
We wish to design the control force f and the control mo-
ment M such that this hanging equilibrium configuration
at the desired location becomes asymptotically stable.
3.2. Simplified Dynamic Model
For the given equations of motion (12) for x, the control
force is given by − f Re3. This implies that the total thrust
magnitude f can be arbitrarily chosen, but the direction of
the thrust vector is always along the third body-fixed axis.
Also, the rotational attitude dynamics of the quadrotor is
not affected by the translational dynamics of the quadrotor
or the dynamics of links.
To overcome the under-actuated property of a quadro-
tor, in this section, we first replace the term− f Re3 of (12)
by a fictitious control input u ∈ R3, and design an expres-
sion for u to asymptotically stabilize the desired equilib-
rium. This is equivalent to assuming that the attitude R
of the quadrotor can be instantaneously controlled. The
effects of the attitude dynamics are incorporated at the
next section. Also ∆x is ignored in the simplified dynamic
model. In short, the equations of motion for the simplified
dynamic model considered in the section are given by
M00x¨+
n
∑
i=1
M0iq¨i = u+M00ge3, (19)
and (13).
3.3. Linear Control System
The fictitious control input is designed from the lin-
earized dynamics about the desired hanging equilibrium.
The variation of x and u are given by
δx= x− xd , δu= u−M00ge3. (20)
From (11), the variation of qi from the equilibrium can be
written as
δqi = ξi× e3, (21)
where ξi ∈R3 with ξi ·e3 = 0. The variation of ωi is given
by δω ∈R3 with δωi ·e3 = 0. Therefore, the third element
of each of ξi and δωi for any equilibrium configuration
is zero, and they are omitted in the following linearized
equation, i.e., the state vector of the linearized equation is
composed of CTξi ∈ R2, where C = [e1,e2] ∈ R3×2.
Proposition 2: The linearized equations of the simpli-
fied dynamic model (19) and (13) can be written as fol-
lows
Mx¨+Gx= Bδu+g(x, x˙), (22)
where g(x, x˙) corresponds to the higher order terms where
x= [δx, xq]T ∈R2n+3, M∈R2n+3×2n+3, G∈R2n+3×2n+3,
B ∈ R2n+3×3, and (22) can equivalently be written as[
Mxx Mxq
Mqx Mqq
][
δ x¨
x¨q
]
+
[
03 03×2n
02n×3 Gqq
][
δx
xq
]
=
[
I3
02n×3
]
δu+g(x, x˙),
where the corresponding sub-matrices are defined as
xq = [CTξ1; . . . ;CTξn],
Mxx =M00I3,
Mxq =
[−M01eˆ3C −M02eˆ3C · · · −M0neˆ3C] ,
Mqx =MTxq,
Mqq =

M11I2 M12I2 · · · M1nI2
M21I2 M22I2 · · · M2nI2
...
...
...
Mn1I2 Mn2I2 · · · MnnI2
 ,
Gqq = diag[
n
∑
a=1
magl1I2, · · · ,mnglnI2].
Proof: See Appendix 2. 
For the linearized dynamics (22), the following control
system is chosen
δu=−kxδx− kx˙δ x˙−
n
∑
a=1
kqiC
T (e3×qi)− kωiCTδωi
=−Kxx−Kx˙x˙, (23)
for controller gainsKx= [kxI3,kq1 I3×2, . . .kqn I3×2]∈R3×(3+2n)
and Kx˙ = [kx˙I3,kω1 I3×2, . . .kωn I3×2]∈R3×(3+2n). Provided
that (22) is controllable, we can choose the controller gains
Kx,Kx˙ such that the equilibrium is asymptotically stable
for the linearized equation (22). Then, the equilibrium
becomes asymptotically stable for the nonlinear Euler La-
grange equation (19) and (13) [18]. The controlled lin-
earized system can be written as
z˙1 =Az1+Bg(x, x˙), (24)
where z1 = [x, x˙]T ∈R4n+6 and the matricesA∈R4n+6×4n+6
and B ∈ R4n+6×2n+3 are defined as
A=
[
0 I
−M−1(G+BKx) −(M−1BKx˙)
]
,B=
[
0
M−1
]
.
(25)
We can also choose Kx and Kx˙ such that A is Hurwitz.
Then for any positive definite matrixQ∈R4n+6×4n+6, there
exist a positive definite and symmetric matrix P∈R4n+6×4n+6
such thatATP+PA=−Q according to [18, Thm 3.6].
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4. CONTROLLER DESIGN FOR A QUADROTOR
WITH A FLEXIBLE CABLE
The control system designed in the previous section is
generalized to the full dynamic model that includes the
attitude dynamics. The central idea is that the attitude R
of the quadrotor is controlled such that its total thrust di-
rection −Re3 that corresponds to the third body-fixed axis
asymptotically follows the direction of the fictitious con-
trol input u. By choosing the total thrust magnitude prop-
erly, we can guarantee that the total thrust vector − f Re3
asymptotically converges to the fictitious ideal force u,
thereby yielding asymptotic stability of the full dynamic
model.
4.1. Controller Design
Consider the full nonlinear equations of motion, let A ∈
R3 be the ideal total thrust of the quadrotor system that
asymptotically stabilize the desired equilibrium. From (20),
we have
A=M00ge3+δu=−Kxx−Kx˙x˙−Kz satσ (ex)+M00ge3,
(26)
where the following integral term ex ∈ R2n+3 is added to
eliminate the effect of disturbance ∆x in the full dynamic
model
ex =
∫ t
0
(PB)T z1(τ) dτ, (27)
where Kz = [kzI3,kz1 I3×2, . . .kzn I3×2] ∈ R3×(3+2n) is an in-
tegral gain. For a positive constant σ ∈ R, a saturation
function satσ : R→ [−σ ,σ ] is introduced as
sat
σ
(y) =

σ if y> σ
y if −σ ≤ y≤ σ
−σ if y<−σ
.
If the input is a vector y ∈ Rn, then the above saturation
function is applied element by element to define a satura-
tion function satσ (y) : Rn → [−σ ,σ ]n for a vector. It is
also assumed that an upper bound of the infinite norm of
the uncertainty is known
‖∆x‖∞ ≤ δ , (28)
for positive constant δ . The desired direction of the third
body-fixed axis b3c ∈ S2 is given by
b3c =−
A
‖A‖ . (29)
This provides a two-dimensional constraint for the desired
attitude of quadrotor, and there is additional one-dimensional
degree of freedom that corresponds to rotation about the
third body-fixed axis, i.e., yaw angle. A desired direction
of the first body-fixed axis, namely b1d ∈ S2 is introduced
to resolve it, and it is projected onto the plane normal to
b3c . The desired direction of the second body-fixed axis is
chosen to constitute an orthonormal frame. More explic-
itly, the desired attitude is given by
Rc =
[
− bˆ
2
3cb1d
‖bˆ23cb1d‖
,
bˆ3cb1d
‖bˆ3cb1d‖
, b3c
]
, (30)
which is guaranteed to lie in SO(3) by construction, as-
suming that b1d is not parallel to b3c [13]. The desired
angular velocity Ωc ∈ R3 is obtained by the attitude kine-
matics equation
Ωc = (RTc R˙c)
∨. (31)
Next, we introduce the tracking error variables for the at-
titude and the angular velocity eR, eΩ ∈R3 as follows [19]
eR =
1
2
(RTc R−RTRc)∨, (32)
eΩ =Ω−RTRcΩc. (33)
The thrust magnitude and the moment vector of quadrotor
are chosen as
f =−A ·Re3, (34)
M =− kReR− kΩeΩ− kIeI+Ω× JΩ
− J(ΩˆRTRcΩc−RTRcΩ˙c), (35)
where kR,kΩ, and kI are positive constants and the follow-
ing integral term is introduced to eliminate the effect of
fixed disturbance ∆R
eI =
∫ t
0
eΩ(τ)+ c2eR(τ)dτ, (36)
where c2 is a positive constant.
4.2. Stability Analysis
Proposition 3: Consider control inputs f , M defined
in (34) and (35). There exist controller parameters and
gains such that, (i) the zero equilibrium of tracking error
is stable in the sense of Lyapunov; (ii) the tracking errors
eR, eΩ, x, x˙ asymptotically converge to zero as t→∞; (iii)
the integral terms eI and ex are uniformly bounded.
Proof: See Appendix 3. 
By utilizing geometric control systems for quadrotor, we
show that the hanging equilibrium of the links can be asymp-
totically stabilized while translating the quadrotor to a de-
sired position. The control systems proposed explicitly
consider the coupling effects between the cable/load dy-
namics and the quadrotor dynamics. We presented a rigor-
ous Lyapunov stability analysis to establish stability prop-
erties without any timescale separation assumptions or sin-
gular perturbation, and a new nonlinear integral control
term is designed to guarantee robustness against unstruc-
tured uncertainties in both rotational and translational dy-
namics.
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Fig 2: Stabilization of a payload connected to a quadrotor
with 5 links without Integral term
5. NUMERICAL EXAMPLE
The desirable properties of the proposed control system
are illustrated by a numerical example. Properties of a
quadrotor are chosen as
m= 0.5kg, J = diag[0.557, 0.557, 1.05]×10−2 kgm2.
Five identical links with n= 5, mi = 0.1kg, and li = 0.1m
are considered. Controller parameters are selected as fol-
lows: kx = 12.8, kv= 4.22, kR= 0.65, kΩ= 0.11, kI = 1.5,
c1 = c2 = 0.7. Also kq and kω are defined as
kq = [11.01, 6.67, 1.97, 0.41, 0.069],
kω = [0.93, 0.24, 0.032, 0.030, 0.025].
The desired location of the quadrotor is selected as xd =
03×1. The initial conditions for the quadrotor are given by
x(0) = [0.6;−0.7;0.2], x˙(0) = 03×1,
R(0) = I3×3, Ω(0) = 03×1.
The initial direction of the links are chosen such that the
cable is curved along the horizontal direction, as illus-
trated at Figure 4(a), and the initial angular velocity of
each link is chosen as zero.
The following two fixed disturbances also considered in
the equations
∆R = [0.03,−0.02,0.01]T ,
∆x = [−0.0125,0.0125,0.01]T .
We define the two following error functions to show the
stabilizing performance for the links:
eq =
n
∑
i=1
‖qi− e3‖, eω =
n
∑
i=1
‖ωi‖. (37)
Simulation results are illustrated at Figures 2 and 3 where
quad rotor stabilize the payload while reducing the direc-
tion error and the angular velocity error of the link. The
corresponding maneuvers of the quadrotor and the links
are illustrated by snapshots at Figure 4. We considered
two cases for this numerical simulation to compare the ef-
fect of the proposed integral term in the presence of distur-
bances as follows: (i) with integral term and (ii) without
integral term, to emphasize the effect of the integral term.
Comparison between Figure 2 and 3 shows that the inte-
gral terms eliminates the steady state error significantly in
presence of fixed disturbances where the position x of the
quadrotor converges to the desired value xd while stabiliz-
ing the payload and links below the quadrotor.
6. EXPERIMENTAL RESULTS
Experimental results of the proposed controller are pre-
sented in this section. A quadrotor UAV is developed with
the following configuration as illustrated at Figure 5:
• Gumstix Overo computer-in-module (OMAP 600MHz
processor), running a non-realtime Linux operating
system. It is connected to a ground station via WIFI.
• Microstrain 3DM-GX3 IMU, connected to Gumstix
via UART.
• BL-CTRL 2.0 motor speed controller, connected to
Gumstix via I2C.
• Roxxy 2827-35 Brushless DC motors.
• XBee RF module, connected to Gumstix via UART.
The weight of the entire UAV system is 0.791kg includ-
ing one battery. A payload with mass of m1 = 0.036 kg is
attached to the quadrotor via a cable of length l1 = 0.7 m.
The length from the center of the quadrotor to each mo-
tor rotational axis is d = 0.169m, the thrust to torque co-
efficient is cτ f = 0.1056m and the moment of inertia is
Submission to International Journal of Control, Automation, and Systems 7
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(c) Quadrotor angular velocity Ω:blue,
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(d) Control force u
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(f) Quadrotor velocity
Fig 3: Stabilization of a payload connected to a quadrotor
with 5 links with Integral term
J = [0.56,0.56,1.05]× 10−2 kgm2. The angular velocity
is measured from inertial measurement unit (IMU) and the
attitude is estimated from IMU data. Position of the UAV
is measured from motion capture system (Vicon) and the
velocity is estimated from the measurement. Ground com-
puting system receives the Vicon data and send it to the
UAV via XBee. The Gumstix is adopted as micro com-
puting unit on the UAV. It has two main threads, Vicon
thread and IMU thread. The Vicon thread receives the
Vicon measurement and estimates linear velocity of the
quadrotor and runs at 30Hz. In IMU thread, it receives
the IMU measurement and estimates the angular veloc-
ity. Also, control outputs are calculated at 120Hz in this
thread.
Two cases are considered and compared. For the first
case, a position control system developed in [14], for quadro-
tor UAV that does not include the dynamics of the payload
and the link, is applied to hover the quadrotor at the de-
(a) t = 0 (b) t = 0.2 (c)
t = 0.35
(d)
t = 0.40
(e)
t = 0.42
(f) t = 0.45 (g) t = 0.5 (h) t = 0.6 (i) t = 0.7 (j) t = 0.8
(k) t = 0.9 (l) t = 1.3 (m) t = 1.5 (n) t = 2.0 (o)
t = 10.0
Fig 4: Snapshots of the controlled maneuver
OMAP 600MHz
Processor
Attitude sensor
3DM-GX3
via UART
BLDC Motor
via I2C
Safety Switch
XBee RF
WIFI to
Ground Station
LiPo Battery
11.1V, 2200mAh
(a) Hardware configuration (b) Quadrotor
with a sus-
pended payload
Fig 5: Hardware development for a quadrotor UAV
sired location, and the second case, the proposed control
system is used.
Experimental results are shown at Figures 6 and 7. The
position of the quadrotor and the payload is compared
with the desired position of the quadrotor at Figure 6, and
the deflection angle of the link from the vertical direction
are illustrated at Figure 7. It is shown that the proposed
control system reduces the undesired oscillation of the link
effectively, compared with the quadrotor position control
system.1
1A short video file of the experiments is also available at the
experiment section of http://fdcl.seas.gwu.edu.
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(b) Case II: proposed control system for quadrotor with suspended payload
Fig 6: Experimental results (xd :black, x:red, x+ l1q1:blue)
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(b) Case II: proposed control
system for quadrotor with sus-
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Fig 7: Experimental results: link deflection angles
7. CONCLUSIONS
Euler-Lagrange equations have been used for the quadro-
tor and the chain pendulum to model a flexible cable trans-
porting a load in 3D space. These derivations developed
in a remarkably compact form which allows us to choose
arbitrary number and any configuration of the links. We
developed a geometric nonlinear controller to stabilize the
links below the quadrotor in the equilibrium position from
any chosen initial condition. We expanded these deriva-
tions in such way that there is no need of using local angle
coordinate and this advantageous technique signalize our
derivations.
APPENDIX A
1. Proof for Proposition 1
From (7) and (9), the Lagrangian is given by
L=
1
2
M00‖x˙‖2+ x˙ ·
n
∑
i=1
M0iq˙i+
1
2
n
∑
i, j=1
Mi jq˙i · q˙ j
+
n
∑
i=1
n
∑
a=i
maglie3 ·qi+M00ge3 · x+ 12Ω
T JΩ, (A,1)
The derivatives of the Lagrangian are given by
DxL=M00ge3,
Dx˙L=M00x˙+
n
∑
i=1
M0iq˙i,
where DxL represents the derivative of L with respect to x.
From the variation of the angular velocity given after (10),
we have
DΩL ·δΩ= JΩ · (η˙+Ω×η) = JΩ · η˙−η · (Ω× JΩ).
(A,2)
Similarly from (11), the derivative of the Lagrangian with
respect to qi is given by
DqiL ·δqi =
n
∑
a=i
maglie3 · (ξi×qi) =−
n
∑
a=i
maglieˆ3qi ·ξi.
The variation of q˙i is given by
δ q˙i = ξ˙i×qi+ξi×qi.
Using this, the derivative of the Lagrangian with respect
to q˙i is given by
Dq˙iL ·δ q˙i = (Mi0x˙+
n
∑
j=1
Mi jq˙ j) ·δ q˙i
= (Mi0x˙+
n
∑
j=1
Mi jq˙ j) · (ξ˙i×q+ξi× q˙i)
= qˆi(Mi0x˙+
n
∑
j=1
Mi jq˙ j) · ξ˙i+ ˆ˙qi(Mi0x˙+
n
∑
j=1
Mi jq˙ j) ·ξi.
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Let G be the action integral, i.e., G =
∫ t f
t0 Ldt. From the
above expressions for the derivatives of the Lagrangian,
the variation of the action integral can be written as
δG=
∫ t f
t0
{M00x˙+
n
∑
i=1
M0iq˙i} ·δ x˙+M00ge3 ·δx
+
n
∑
i=1
{qˆi(Mi0x˙+
n
∑
j=1
Mi jq˙ j)} · ξ˙i
+
n
∑
i=1
{ ˆ˙qi(Mi0x˙+
n
∑
j=1
Mi jq˙ j)−
n
∑
a=i
maglieˆ3qi} ·ξi
+ JΩ · η˙−η · (Ω× JΩ)dt.
Integrating by parts and using the fact that variations at the
end points vanish, this reduces to
δG=
∫ t f
t0
{M00ge3−M00x¨−
n
∑
i=1
M0iq¨i} ·δx
+
n
∑
i=1
{−qˆi(Mi0x¨+
n
∑
j=1
Mi jq¨ j)−
n
∑
a=i
maglieˆ3qi} ·ξi
−η · (JΩ˙+Ω× JΩ)dt.
According to the Lagrange-d’Alembert principle, the vari-
ation of the action integral is equal to the negative of the
virtual work done by the external force and moment, namely
−
∫ t f
t0
(− f Re3+∆x) ·δx+(M+∆R) ·η dt, (A,3)
and we obtain (12) and (14). As ξi is perpendicular to qi,
we also have
−qˆ2i (Mi0x¨+
n
∑
j=1
Mi jq¨ j)+
n
∑
a=i
magliqˆ2i e3 = 0. (A,4)
Equation (A,4) is rewritten to obtain an explicit expression
for q¨i. As qi · q˙i = 0, we have q˙i · q˙i+qi · q¨i = 0. Using this,
we have
−qˆ2i q¨i =−(qi · q¨i)qi+(qi ·qi)q¨i = (q˙i · q˙i)qi+ q¨i.
Substituting this equation into (A,4), we obtain (13). This
can be slightly rewritten in terms of the angular velocities.
Since q˙i = ωi× qi for the angular velocity ωi satisfying
qi ·ωi = 0, we have
q¨i = ω˙i×qi+ωi× (ωi×qi)
= ω˙i×qi−‖ωi‖2qi =−qˆiω˙i−‖ωi‖2qi.
Using this and the fact that ω˙i ·qi = 0, we obtain (16).
2. Proof for Proposition 2
The variations of x,u and q are given by (20) and (21).
From the kinematics equation q˙i =ωi×qi, δ q˙i is given by
δ q˙i = ξ˙i× e3 = δωi× e3+0× (ξi× e3) = δωi× e3.
Since both sides of the above equation is perpendicular to
e3, this is equivalent to e3× (ξ˙i× e3) = e3× (δωi× e3),
which yields
ξ˙ − (e3 · ξ˙ )e3 = δωi− (e3 ·δωi)e3.
Since ξi · e3 = 0, we have ξ˙ · e3 = 0. As e3 ·δωi = 0 from
the constraint, we obtain the linearized equation for the
kinematics equation:
ξ˙i = δωi. (A,5)
Substituting these into (16), and ignoring the higher order
terms, we obtain (22). See Appendix 4 for details.
3. Proof for Proposition 3
We first show stability of the rotational dynamics, and
later it is combined with the stability analysis of the trans-
lational dynamics of quad rotor and the rotational dynam-
ics of links.
a) Attitude Error Dynamics
Here, attitude error dynamics for eR, eΩ are derived
and we find conditions on control parameters to guaran-
tee the boundedness of attitude tracking errors. The time-
derivative of JeΩ can be written as
Je˙Ω = {JeΩ+d}∧eΩ− kReR− kΩeΩ− kIeI+∆R, (A,6)
where d = (2J− trJI)RTRdΩd ∈ R3 [19]. The important
property is that the first term of the right hand side is nor-
mal to eΩ, and it simplifies the subsequent Lyapunov anal-
ysis.
b) Stability for Attutide Dynamics
Define a configuration error function on SO(3) as fol-
lows
Ψ=
1
2
tr[I−RTc R]. (A,7)
We introduce the following Lyapunov function
V2 =
1
2
eΩ · Je˙Ω+ kRΨ(R,Rd)+ c2eR · eΩ
+
1
2
kI‖eI− ∆RkI ‖
2.
(A,8)
Consider a domain D2 given by
D2 = {(R,Ω) ∈ SO(3)×R3 |Ψ(R,Rd)< ψ2 < 2}.
(A,9)
In this domain we can show that V2 is bounded as fol-
lows [19]
zT2 M21z2+
kI
2
‖eI− ∆RkI ‖
2 ≤ V2
≤ zT2 M22z2+
kI
2
‖eI− ∆RkI ‖
2,
(A,10)
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where z2 = [‖eR‖,‖eΩ‖]T ∈R2 and the matrices M21, M22
are given by
M21 =
1
2
[
kR −c2λM
−c2λM λm
]
,M22 =
1
2
[
2kR
2−ψ2 c2λM
c2λM λM
]
,
(A,11)
The time derivative of V2 along the solution of the con-
trolled system is given by
V˙2 =− kΩ‖eΩ‖2− eΩ · (kIeI−∆R)
+ c2e˙R · JeΩ+ c2eR · Je˙Ω+(kIeI−∆R)e˙I .
We have e˙I = c2eR+ eΩ from (36). Substituting this and
(A,6), the above equation becomes
V˙2 =− kΩ‖eΩ‖2+ c2e˙R · JeΩ− c2kR‖eR‖2
+ c2eR · ((JeΩ+d)∧eΩ− kΩeΩ).
We have ‖eR‖ ≤ 1, ‖e˙R‖ ≤ ‖eΩ‖ [19], and choose a con-
stant B2 such that ‖d‖ ≤ B2. Then we have
V˙2 ≤−zT2W2z2, (A,12)
where the matrix W2 ∈ R2×2 is given by
W2 =
[
c2kR − c22 (kΩ+B2)
− c22 (kΩ+B2) kΩ−2c2λM
]
.
The matrix W2 is a positive definite matrix if
c2 < min{
√
kRλm
λM
,
4kΩ
8kRλM+(kΩ+B2)2
}. (A,13)
This implies that
V˙2 ≤−λm(W2)‖z2‖2, (A,14)
which shows stability of attitude dynamics.
c) Translational Error Dynamics
We derive the tracking error dynamics and a Lyapunov
function for the translational dynamics of a quadrotor UAV
and the dynamics of links. Later it is combined with the
stability analyses of the rotational dynamics. This proof
is based on the Lyapunov method presented in Theorem
3.6 and 3.7 [18]. From (20), (12), (22), and (34), the lin-
earized equation of motion for the controlled full dynamic
model is given by
Mx¨+Gx= B(− f Re3−M00ge3)+g(x, x˙)+B∆x,
(A,15)
and g(x, x˙) is higher order term. The subsequent analyses
are developed in the domain D1
D1 = {(x, x˙,R,eΩ) ∈ R2n+3×R2n+3×SO(3)×R3 |
Ψ< ψ1 < 1}. (A,16)
In the domain D1, we can show that
1
2
‖eR‖2 ≤Ψ(R,Rc)≤ 12−ψ1 ‖eR‖
2 . (A,17)
Consider the quantity eT3 R
T
c Re3, which represents the co-
sine of the angle between b3 = Re3 and b3c = Rce3. Since
1−Ψ(R,Rc) represents the cosine of the eigen-axis ro-
tation angle between Rc and R, we have eT3 R
T
c Re3 ≥ 1−
Ψ(R,Rc) > 0 in D1. Therefore, the quantity 1eT3 RTc Re3
is
well-defined. We add and subtract f
eT3 R
T
c Re3
Rce3 to the right
hand side of (A,15) to obtain
Mx¨+Gx=B(
− f
eT3 R
T
c Re3
Rce3−X−M00ge3+∆x)+g(x, x˙),
(A,18)
where X ∈ R3 is defined by
X =
f
eT3 R
T
c Re3
((eT3 R
T
c Re3)Re3−Rce3). (A,19)
The first term on the right hand side of (A,18) can be writ-
ten as
− f
eT3 R
T
c Re3
Rce3 =− (‖A‖Rce3) ·Re3eT3 RTc Re3
·− A‖A‖ = A.
(A,20)
Substituting this and (26) into (A,18)
Mx¨+Gx= B(−Kxx−Kx˙x˙−Kz satσ (ex)−X+∆x)+g(x, x˙),
(A,21)
This can be rearranged as
x¨=− (M−1G+M−1BKx)x− (M−1BKx˙)x˙
−M−1BX−M−1BKz satσ (ex)+M
−1g(x, x˙)+M−1B∆x.
(A,22)
Using the definitions for A, B, and z1 presented before,
the above expression can be rearranged as
z˙1 =Az1+B(−BX+g(x, x˙)−BKz satσ (ex)+B∆x).
(A,23)
d) Lyapunov Candidate for Translation Dynamics
From the linearized control system developed at section
3, we use matrix P to introduce the following Lyapunov
candidate for translational dynamics
V1 = zT1 Pz1+2
∫ ex
peq
(BKz satσ (µ)−B∆x) ·dµ. (A,24)
The last integral term of the above equation is positive def-
inite about the equilibrium point ex = peq where
peq = [
∆x
kz
,0,0, · · · ], (A,25)
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if
δ < kzσ , (A,26)
considering the fact that satσ y = y if y < σ . The time
derivative of the Lyapunov function using the Leibniz in-
tegral rule is given by
V˙1 = z˙T1 Pz1+ z
T
1 Pz˙1+2e˙x · (BKz satσ (ex)−B∆x). (A,27)
Since e˙Tx = ((PB)
T z1)T = zT1 PB from (27), the above ex-
pression can be written as
V˙1 = z˙T1 Pz1+ z
T
1 Pz˙1+2z
T
1 PB(BKz satσ (ex)−B∆x).
(A,28)
Substituting (A,23) into (A,28), it reduces to
V˙1 = zT1 (A
TP+PA)z1+2zT1 PB(−BX+g(x, x˙)).
(A,29)
Let c3 = 2‖PBB‖2 ∈ R and using ATP+PA = −Q, we
have
V˙1 ≤−zT1 Qz1+ c3‖z1‖‖X‖+2zT1 PBg(x, x˙). (A,30)
The second term on the right hand side of the above equa-
tion corresponds to the effects of the attitude tracking er-
ror on the translational dynamics. We find a bound of X ,
defined at (A,19), to show stability of the coupled transla-
tional dynamics and rotational dynamics in the subsequent
Lyapunov analysis. Since
f = ‖A‖(eT3 RTc Re3), (A,31)
we have
‖X‖ ≤ ‖A‖‖(eT3 RTc Re3)Re3−Rce3‖. (A,32)
The last term ‖(eT3 RTc Re3)Re3−Rce3‖ represents the sine
of the angle between b3 = Re3 and b3c = Rce3, since (b3c ·
b3)b3− b3c = b3× (b3× b3c). The magnitude of the atti-
tude error vector, ‖eR‖ represents the sine of the eigen-axis
rotation angle between Rc and R. Therefore, ‖(eT3 RTc Re3)Re3−
Rce3‖ ≤ ‖eR‖ in D1. It follows that
‖(eT3 RTc Re3)Re3−Rce3‖ ≤ ‖eR‖=
√
Ψ(2−Ψ)
≤ {
√
ψ1(2−ψ1), α}< 1,
(A,33)
therefore
‖X‖ ≤ ‖A‖‖eR‖
≤ ‖A‖α. (A,34)
We also use the following properties
λmin(Q)‖z1‖2 ≤ zT1 Qz1. (A,35)
Note that λmin(Q) is real and positive since Q is symmetric
and positive definite. Then, we can simplify (A,30) as
given
V˙1 ≤−λmin(Q)‖z1‖2+ c3‖z1‖‖A‖‖eR‖+2zT1 PBg(x, x˙).
(A,36)
We find an upper boundary for
A=−Kxx−Kx˙x˙−Kz satσ (ex)+M00ge3, (A,37)
by defining
‖M00ge3‖ ≤ B1, (A,38)
for a given positive constant B1. We use the following
properties where for any matrix A ∈ Rm×n
‖A‖2 ≤
√
mn‖A‖max, (A,39)
where ‖A‖max = max{amn}. The third term on the right
hand side of (A,37) can be bounded as
‖−Kz satσ (ex)‖ ≤ ‖Kz‖‖satσ (ex)‖ ≤ ‖Kz‖
√
2n+3σ ,
(A,40)
where
‖Kz‖ ≤
√
3(2n+3)‖Kz‖max,
and similarly
‖Kx‖ ≤
√
3(2n+3)‖Kx‖max,
‖Kx˙‖ ≤
√
3(2n+3)‖Kx˙‖max.
We define Kmax,Kzm ∈ R
Kmax = max{‖Kx‖max,‖Kx˙‖max}
√
3(2n+3),
Kzm =
√
3(2n+3)‖Kz‖max,
and then the upper bound of A is given by
‖A‖ ≤ Kmax(‖x‖+‖x˙‖)+σKzm +B1 (A,41)
≤ 2Kmax‖z1‖+(B1+σKzm), (A,42)
and substitute (A,42) into (A,36)
V˙1 ≤− (λmin(Q)−2c3Kmaxα)‖z1‖2
+ c3(B1+σKzm)‖z1‖‖eR‖+2zT1 PBg(x, x˙).
(A,43)
e) Lyapunov Candidate for the Complete System
Let V = V1+V2 be the Lyapunov function for the com-
plete system. The time derivative of V is given by
V˙ = V˙1+ V˙2. (A,44)
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Substituting (A,43) and (A,14) into the above equation
V˙ ≤− (λmin(Q)−2c3Kmaxα)‖z1‖2+2zT1 PBg(x, x˙)
+ c3(B1+σKzm)‖z1‖‖eR‖−λm(W2)‖z2‖2,
(A,45)
and using ‖eR‖ ≤ ‖z2‖, it can be written as
V˙ ≤− (λmin(Q)−2c3Kmaxα)‖z1‖2+2zT1 PBg(x, x˙)
+ c3(B1+σKzm)‖z1‖‖z2‖−λm(W2)‖z2‖2.
(A,46)
Also, the 2zT1 PBg(x, x˙) term in the above equation is in-
definite. The function g(x, x˙) satisfies
‖g(x, x˙)‖
‖z1‖ → 0 as ‖z1‖→ 0 (A,47)
Then, for any γ > 0 there exists r > 0 such that
‖g(x, x˙)‖< γ‖z1‖, ∀‖z1‖< r (A,48)
so,
2zT1 PBg(x, x˙)≤ 2γ‖P‖2‖z1‖2. (A,49)
Substituting the above equation into (A,46)
V˙ ≤− (λmin(Q)−2c3Kmaxα)‖z1‖2+2γ‖P‖2‖z1‖2
+ c3(B1+σKzm)‖z1‖‖z2‖−λm(W2)‖z2‖2,
(A,50)
we obtain
V˙ ≤−zTWz+2γ‖P‖2‖z1‖2, (A,51)
where z= [z1,z2]T ∈ R2 and
W =
[
λmin(Q)−2c3Kmaxα − c3(B1+σKzm )2
− c3(B1+σKzm )2 λm(W2)
]
. (A,52)
Also using ‖z1‖ ≤ ‖z‖
V˙ ≤−(λmin(W )−2γ‖P‖2)‖z‖2. (A,53)
Choosing γ < (λmin(W ))/2‖P‖2, ensures that V˙ is nega-
tive semi-definite. This implies that the zero equilibrium
of tracking errors is stable in the sense of Lyapunov and
V is non-increasing. Therefore all of error variables z1, z2
and integral control terms eI , ex are uniformly bounded.
Also, from Lasalle-Yoshizawa theorem [18, Thm 3.4], we
have z→ 0 as t→ ∞.
4. Proof for the high order terms derivations
We approximate ξ ∈ R3 by e3×q and other high order
terms. The following relations are considerable as it is
illustrated in the Fig. 8.
 
   
  
  
      
Fig 8: e3 and q, direction of each link
sin‖ξ‖= ‖q× e3‖, (A,54)
and
ξ
‖ξ‖ =
e3×q
‖e3×q‖ , (A,55)
so
ξ =
e3×q
‖e3×q‖ sin
−1(‖e3×q‖). (A,56)
Taking derivative and considering that derivative of ‖A‖ is
A·A˙
‖A‖
ξ˙ = [
e3× q˙
‖e3×q‖ −
(e3×q)[(e3×q) · (e3× q˙)]
‖e3×q‖3 ]×
sin−1(‖e3×q‖)
+
e3×q
‖e3×q‖ [
(e3×q) · (e3× q˙)
‖e3×q‖ ]
1√
1− (‖e3×q‖)2
,
(A,57)
after simplifying we would have
ξ˙ =
e3× q˙
‖e3×q‖ sin
−1(‖e3×q‖)
+(e3×q)[(e3×q) · (e3× q˙)]k,
(A,58)
where k ∈ R is scalar and defined as follow
k =
1
‖e3×q‖2
√
(1−‖e3×q‖2)
− sin
−1(‖e3×q‖)
‖e3×q‖3 .
(A,59)
The following relation is considerable
q˙= ω×q, (A,60)
where ω ∈ R3 is the angular velocity of each link. Using
a× (b× c) = b(a · c)− c(a ·b)
e3× q˙= e3× (q×ω) = ω(e3 ·q)−q(e3 ·ω), (A,61)
and substituting Eq. (A,61) into Eq. (A,58)
ξ˙ =
δω(e3 ·q)
‖e3×q‖ sin
−1(‖e3×q‖)− q(e3 ·δω)‖e3×q‖ sin
−1(‖e3×q‖)
+ [(e3×q) · (δω(e3 ·q))](e3×q)k
− [(e3×q) · (q(e3 ·δω))](e3×q)k,
(A,62)
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and using the fact that a · (a× b) = 0 the last term on the
right hand side vanishes, so
ξ˙ =
δω(e3 ·q)
‖e3×q‖ sin
−1(‖e3×q‖)
+ [(e3×q) · (δω(e3 ·q))](e3×q)k
− q(e3 ·δω)‖e3×q‖ sin
−1(‖e3×q‖),
(A,63)
The first term on the right hand side of Eq. (A,63) can be
simplified using Taylor series
q= exp(ξˆ )e3 = (I+ ξˆ +g(ξ ))e3, (A,64)
using the fact that ξˆe3 · e3 = 0 we can have
q · e3 = (e3+ ξˆe3+g(ξ ))e3 = 1+g(ξ ), (A,65)
so considering Taylor series sin
−1(x)
x = 1+
1
6x
2 +O(xn),
the first term of the right hand side of Eq. (A,63) can be
rewritten as
q= exp(ξˆ )e3 = (I+ ξˆ +g(ξ ))e3, (A,66)
using the fact that ξˆe3 · e3 = 0 we can have
q · e3 = (e3+ ξˆe3+g(ξ ))e3 = 1+g(ξ ), (A,67)
also
q× e3 = (e3+ ξˆe3+g(ξ ))× e3 =−eˆ23ξ +g(ξ ), (A,68)
and ‖A‖2 = ATA, so
‖e3×q‖2 = (−eˆ23ξ +g(ξ ))T (−eˆ23ξ +g(ξ ))
= ‖ξ‖2+g(ξ ) = g(ξ ) (A,69)
so
(e3 ·q)
‖e3×q‖ sin
−1(‖e3×q‖)
= (e3 ·q)(1+ 16 (‖e3×q‖)
2+ · · ·)
= (1+g(ξ ))(1+g(ξ )) = 1+g(ξ ).
(A,70)
The third term is simplified as follow using the fact that ω
is normal to q
δω ·q= 0, (A,71)
replacing q= e3+ ξˆe3+g(ξ ) into the above equation we
would have
(e3+ ξˆe3+g(ξ )) ·δω = 0, (A,72)
where g(ξ ) is higher order terms
e3 ·δω+ ξˆe3 ·δω+g(ξ ) = 0, (A,73)
and
e3 ·δω =−ξˆe3 ·δω+g(ξ ) = g(ξ ,δω)+g(ξ ) = g(ξ ,δω),
(A,74)
so, we can show that
δω · e3 = g(ξ ,δω), (A,75)
then,
q(e3 ·δω)
‖e3×q‖ sin
−1(‖e3×q‖) = g(ξ ,δω). (A,76)
Finding the Taylor series of k
1
‖e3×q‖2
√
(1−‖e3×q‖2)
− sin
−1(‖e3×q‖)
‖e3×q‖3
=
1
3
+
3
10
‖e3×q‖2+ 1556‖e3×q‖
4+ · · · ,
(A,77)
and using (A,69)
k =
1
3
+
3
10
‖e3×q‖2+ 1556‖e3×q‖
4+ · · ·= 1
3
+g(ξ ).
(A,78)
We use (A,68) to simplify the following term
(e3×q) ·δω = (−eˆ23ξ +g(ξ )) ·δω
=−eˆ23ξ ·δω+g(ξ ) = g(ξ ,δω)+g(ξ )
= g(ξ ,δω),
(A,79)
so, the second term on the right hand side of (A,63) be-
comes
[(e3×q) · (δω(e3 ·q))](e3×q)k
= (e3 ·q)(e3×q)(g(ξ ,δω))(13 +g(ξ )) = g(ξ ,δω).
(A,80)
Finally, we can approximate the ξ˙ as given
ξ˙ = δω(1+g(ξ ))+g(ξ ,δω)+g(ξ ,δω)
= δω+g(ξ ,δω).
(A,81)
We can show that Eq. (A,63) can be expressed as pre-
sented
ξ˙ = δω(1+g(ξ ))+g(ξ ,δω) = δω+g(ξ ,δω).
(A,82)
Now, we start finding an expression for δω˙ by taking
derivative of the above expression We take derivative of
(A,71)
q˙ ·δω+q ·δω˙ = 0, (A,83)
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so
q˙ · (q× q˙)+q ·δω˙ = 0 (A,84)
and using a ·a×b= 0
q ·δω˙ = 0, (A,85)
replacing q = e3 + ξˆe3 + g(ξ ) into the above expression
and simplifying
e3 ·δω˙ =−ξˆe3 ·δω˙+g(ξ ) = g(ξ ,δω), (A,86)
so finally
e3 ·δω˙ = g(ξ ,δω), (A,87)
We take derivative of the ξ˙ equation to find an expression
for δω˙ .
ξ¨ =
q˙(e3 ·δω)
‖e3×q‖ sin
−1(‖e3×q‖)
+
q(e3 ·δω˙)
‖e3×q‖ sin
−1(‖e3×q‖)+q(e3 ·δω)k
+
δω˙(e3 ·q)
‖e3×q‖ sin
−1(‖e3×q‖)+δω(e3 · q˙) sin
−1(‖e3×q‖)
‖e3×q‖
+δω(e3 ·q)[ 1‖e3×q‖
√
1− (‖e3×q‖)2
− sin
−1(‖e3×q‖)
‖e3×q‖2 ]
(e3×q)(e3× q˙)
‖e3×q‖
+[(e3× q˙) ·δω](e3 ·q)(e3×q)k
+[(e3×q) ·δω˙](e3 ·q)(e3×q)k
+[(e3×q) ·δω][(e3 · q˙)(e3×q)k
+(e3 ·q)(e3× q˙)k+(e3 ·q)(e3×q)k˙],
(A,88)
The first line is higher order term based on the derivations
at (A,87) and (A,75). The last line is also higher order
term based on the derivations at (A,79) and ξ¨ becomes
ξ¨ = δω˙+g(ξ ,δω)
+ [(e3 ·q)(e3×q)k][δω(e3× q˙)
+(e3× q˙) ·δω+(e3×q) ·δω˙]
+δω(e3 · q˙) sin
−1(‖e3×q‖)
‖e3×q‖ .
(A,89)
We can show that the last line is higher order term as fol-
low
e3 · q˙= e3 · (δω×q) =−δω · (e3×q)
= eˆ23ξ ·δω+g(ξ ) = g(ξ ,δω),
(A,90)
and
δω · (e3× q˙) = δω · (δω(e3 ·q)−q(e3 ·δω)) = g(ξ ,δω),
(A,91)
and
(e3×q) ·δω˙ = (−eˆ23ξ +g(ξ )) ·δω˙
=−eˆ23ξ ·δω˙+g(ξ ) = g(ξ ,δω),
(A,92)
so ξ¨ becomes
ξ¨ = δω˙+g(ξ ,δω), (A,93)
or
δω˙ = ξ¨ −g(ξ ,δω). (A,94)
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